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Abstract. We give a survey on classical and recent applications of dynamical systems to num¬ 
ber theoretic problems. In particular, we focus on normal numbers, also including computational 
aspects. The main result is a sufficient condition for establishing multidimensional van der Cor- 
put sets. This condition is applied to various examples. 


1. Dynamical systems in number theory 


In the last decades dynamical systems became very important for the development of modern 
number theory. The present paper focuses on Furstenberg’s refinements of Poincare’s recurrence 
theorem and applications of these ideas to Diophantine problems. 

A (measure-theoretic) dynamical system is formally given as a quadruple (A', 03where 
(A, 03, n) is a probability space with cr-algebra 18 of measurable sets and ji a probability measure; 
T : X —» X is a measure-preserving transformation on this space, i.e. fi(T~ 1 A) = /z(A) for 
all measurable sets A £ 03. In the theory of dynamical systems, properties of the iterations 
of the transformation T are of particular interest. For this purpose we only consider invertible 
transformations and call such dynamical systems invertible. 

The first property, we consider, originates from Poncare’s famous recurrence theorem (see The¬ 
orem 1.4 of m or Theorem 2.11 of m) saying that starting from a set A of positive measure 
/i(A) > 0 and iterating T yields infinitely many returns to A. More generally, we call a subset 
72 C N of the positive integers a set of recurrence if for all invertible dynamical systems and all 
measurable sets A of positive measure qi(A ) > 0 there exists n £ 72 such that fi(A fl T~ n A ) > 0. 
Then Poincare’s recurrence theorem means that N is a set of recurrence. 

A second important theorem for dynamical systems is Birkhoff’s ergodic theorem (see Theorem 
1.14 of [32] or Theorem 2.30 of [13]). We call T ergodic if the only invariant sets under T are sets 
of measure 0 or of measure 1, i.e. T~ 1 A = A implies /z(A) = 0 or /z(A) = 1. Then Birkhoff’s 
ergodic theorem connects average in time with average in space, i.e. 



n =0 



f(x)d[i(x) 


for all / £ L 1 (X,/z) and /z-almost all x £ X. 

Let us explain an important application of this theorem to number theory. For q > 2 a positive 
integer, consider T: [0,1) —> [0,1) defined by T(x) = {g:r}, where {<} = t — \t\ denotes the 
fractional part of t. If x £ R. is given by its g-ary digit expansion x = \x\ + YlfL i a j( x )l ~ 3 1 then 

the digits a,j ( x ) can be computed by iterating this transformation T: a,j {x) = i if T- 5 ” 1 x £ 

with i £ {0,1,..., q — 1}. Moreover, since a,j(Tx ) = a_/+i(:r) for j > 1 the transformation T can 
be seen as a left shift of the expansion. 

Now we call a real number x simply normal in base q if 


i i+i i 
9’ q J 


i}To,N* {j - N:a ‘ = d} 


1 

g 


for all d = 0,..., g— 1, i.e. all digits d appear asymptotically with equal frequencies 1/g. A number 
x is called g-normal if it is simply normal with respect to all bases g, g , g 3 ,.... This is equivalent 
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to the fact that the sequence ({g”a;}) ng N is uniformly distributed modulo 1 (for short: u.d. mod 
1), which also means that all blocks d\, d ?,..., <Il of subsequent digits appear in the expansion of 
x asymptotically with the same frequency q~ L (cf. [51 H^1HB] V For completeness, let us give here 
one possible definition of u.d. sequences (x n ): a sequence of real numbers x n is called u.d. mod 1 
if for all continuous functions / : [0,1] —> R 

1 N r 1 

(1.1) lim — f( x n) = / f(x)dx. 

N—tOO 7V Z ' In 

n= 1 

Note, that by Weyl’s criterion the class of continuous functions can be replaced by trigonometric 
functions e(hx) = e 2mhx , h £ N or by characteristic functions l/(x) of intervals I = [ a,b ). 
Applying Birkhoff’s ergodic theorem, shows that Lebesgue almost all real numbers are q-normal 
in any base q > 2. Defining a real number to be absolutely normal if it is g-normal for all bases 
q > 2, this immediately yields that almost all real numbers are absolutely normal. 

In particular, this shows the existence of absolutely normal numbers. However, it is a different 
story to find constructions of (absolutely) normal numbers. It is a well-known difficult open 
problem to show that important numbers like -\/2, In 2, e, 7r etc. are simply normal with respect 
to some given base q > 2. A much easier task is to give constructions of g-normal numbers for 
fixed base q. Cliampernowne [9] proved that 

0.123456789101112... 

is normal to base 10 and later this type of constructions was analysed in detail. So, for instance, 
for arbitrary base q > 2 


o.(Lff(i)J> fl <Lff(2)J),... 

is g-normal, where g(x) is a non-constant polynomial with real coefficients and the q —normal 
number is constructed by concatenating the q —ary digit expansions (L'?( rl )J)g of the integer parts 
of the values g(n) for n = 1,2,.... These constructions were extended to more general classes of 
functions g (replacing the polynomials) (see [11111711181122112311291 1 and the concatenation of ([g(p)]) q 
along prime numbers instead of the positive integers (see msirai). 

All such constructions depend on the choice of the base number q > 2, and thus they are 
not suitable for constructing absolutely normal numbers. A first attempt to construct absolutely 
normal numbers is due to Sierpinski [3D]. However, Turing m observed that Sierpinski’s “con¬ 
struction” does not yield a computable number, thus it is not based on a recursive algorithm. 
Furthermore, Turing gave an algorithm for a construction of an absolutely normal number. This 
algorithm is very slow and, in particular, not polynomially in time. It is very remarkable that 
Becher et al. [2j established a polynomial time algorithm for the construction of absolutely normal 
numbers. However, there remain various questions concerning the analysis of these algorithms. 
The discrepancy of the corresponding sequences is not studied and the order of convergence of 
the expansion is very slow and should be investigated in detail. Furthermore, digital expansions 
with respect to linear recurring base sequences seam appropriate to be included in the study of 
absolute normality from a computational point of view. 

Let us now return to Poincare’s recurrence theorem which shortly states that the set N of 
positive integers is a recurrence set. In the 1960s various stronger concepts were introduced: 

(i) 7Z C N is called a nice recurrence set if for all invertible dynamical systems and all measurable 
sets A of positive measure n(A) > 0 and all £ > 0, there exist infinitely many n £ TZ such 
that 

n(A\JT~ n A) > p(A) 2 -e. 

(ii) H C N is called a van der Corput set (for short: vdC set) if for all h £ H the following 
implications holds: 

(■ x n +h ~ in)n6N is u.d. mod 1 => (x n ) neK is u.d. mod 1. 
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Clearly, any nice recurrence set is a recurrence set. By van der Corput’s difference theorem 
(see |121I16] 1 the set H = N of positive integers is a vdC set. Kamae and Mendes-France |T5] proved 
that any vdC set is a nice recurrence set. Ruzsa [25] conjectured that any recurrence set is also 
vdC. An important tool in the analysis of recurrence sets is their equivalence with intersective (or 
difference) sets established by Bertrand-Mathis [5]- We call a set I intersective if for each subset 
E C N of positive (upper) density, there exists n £ Z such that n = x — y for some x,y £ E. Here 
the upper density of E is defined as usual by 


d(E) = lirnsup 

N—too 


#(En[i,N]) 

N 


Bourgain [7] gave an example of an intersective set which is not a vdC set, hence contradicting 
the above mentioned conjecture of Ruzsa. 

Furstenberg m proved that the values g{n) of a polynomial g £ Z[x] with g{ 0) = 0 form an 
intersective set and later it was shown by Kamae and Mendes-France [T5| that this is a vdC set, 
too. It is also known, that for fixed h £ Z the set of shifted primes {p ± h: p prime} is a vdC 
set if and only if h = ±1. ( [20] Corollary 10]). This leads to interesting applications to additive 
number theory, for instance to new proofs and variants of theorems of Sarkozy |26H28| . A general 
result concerning intersective sets related to polynomials along primes is due to Nair Ell¬ 
in the present paper we want to extend the concept of recurrence sets, nice recurrence sets 
and vdC sets to subsets of Z fc , following the program of Bergelson and Lesigne [4] and our earlier 
paper [3] . In section 2 we summarize basic facts concerning these concepts, including general 
relations between them and counter examples. Section 3 is devoted to a sufficient condition for 
establishing the vdC property. In the final section 4 we collect various examples and give some 
new applications. 


2. Van der Corput sets 

In this section we provide various equivalent definitions of van der Corput sets in Z fc . In par¬ 
ticular, we give four different definitions, which are fc-dimensional variants of the one dimensional 
definitions, whose equivalence is due to Ruzsa m • These generalizations were established by 
Bergelson and Lesigne [4], Then we present a set, which is not a vdC set in order to give some 
insight into the structure of vdC sets. Finally, we define the higher-dimensional variant of nice 
recurrence sets. 

2.1. Characterization via uniform distribution. Similarly to above we first define a van der 
Corput set (vdC set for short) in Z fc via uniform distribution. 

Definition 2.1. A subset 'H C Z fc \ {0} is a vdC set if any family (x n )neN fe of real numbers is 
u.d. mod 1 provided that it has the property that for all h £ H the family (x n +h — £n)neN fe is 
u.d. mod 1. 

Here the property of u.d. mod 1 for the multi-indexed family (x n ) n6N fc is defined via a natural 
extension of 11.11 


( 2 . 1 ) 


lim „ r Ar 

JVi, JV 2 , - - -, JVfc —J-I-OO NiN 2 ■ 


■N k 


E 


/ o 


0<n<(N 1 ,N 2 ,...,N k ) 


=n) = f 

Jo 


f{x)dx 


for all continuous functions / : [0,1] —> K. Here in the limit Ni, N 2 ,..., N k are tending to 
infinity independently and < is defined componentwise. 

Using the fc-dimensional variant of van der Corput’s inequality we could equivalently define a 
vdC set as follows: 


Definition 2.2. A subset H C Z fc \ {0} is a van der Corput set if for any family (u n )„ g jk of 
complex numbers of modulus 1 such that 


lim 

N u N 2 ,...,N k - 


NiNo 


Tn, V 

0<n<(JVi,Ar 2 ,.. 


Rn+hUn — 0 


;N k ) 


Vh £H, 
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the relation 


holds. 


lim 


1 


JVi,Jv 2 ,...,JVifc->-+oo NiN 2 ■ ■ ■ N k 


E 

0<n<(Ni ,A^ 2 ,. 


= o 


;N k ) 


2.2. Trigonometric polynomials and spectral characterization. The first two definitions 
are not very useful for proving or disproving that a set H is a vdC set. Similar to the one 
dimensional case the following spectral characterization involving trigonometric polynomials is a 
better tool. 

Theorem 2.1 ( [3] Proposition 1.18]). A subset P C Z fc \ {0} is a van der Corput set if and only 
if for all e > 0, there exists a real trigonometric polynomial P on the k-torus T fe whose spectrum 
is contained in P and which satisfies -P(O) = 1, P > — e. 

The set of polynomials fulfilling the last theorem for a given e forms a convex set. Moreover the 
conditions may be interpreted as some infimum. Therefore we might expect some dual problem, 
which is actually provided by the following theorem. For details see Bergelson and Lesigne [3] or 
Montgomery [12- 

Theorem 2.2 ( 21 Theorem 1.8]). Let P C \{0}. Then P is a van der Corput set if and only 
if for any positive measure a on the k-torus T fc such that, for all h £ P, cr(h) = 0, this implies 
a({( 0 , 0 ,..., 0 )})= 0 . 

2.3. Examples. The structure of vdC sets is better understood by first giving a counter example. 
The following lemma shows to be very useful in the construction of counter examples. 

Lemma 2.3. Let P C. N. If there exists q £ N such that the set P fl is finite, then the set P 
is not a vdC set. 

Proof. The proof is a combination of the following two observations of Ruzsa [25] (see Theorem 2 
and Corollary 3 of [2D]): 

(1) Let m £ N. The sets {1,..., m} and {n £ N: m \ n} are both not vdC sets. 

(2) Let P = Pi U P -2 C N. If P is a vdC set, then Pi or P- 2 also has to be a vdC set. 

Suppose there exists aijtN such that PC\qN is finite. Then we may split P into the sets PCiqN 
and P \ qN. The first one is finite and the second one contains no multiples of q. Therefore both 
are not vdC sets and hence P is not a vdC set. □ 


The first counter example deals with arithmetic progressions. 

Lemma 2.4. Let a, b £ N. If the set {an + b: n GN} is a vdC set, then a \ b. 

Proof. Let b £ N and P = {an + b: n £ N} be a vdC set. Then by Lemma [2~3l we must have 

an + b = b = 0 mod a infinitely often. 

This implies that a \ b. □ 

The sufficiency (and also the necessity) of the requirement a | b follows from the following result 
of Kamae and Mendes-France |15j (cf. Corollary 9 of [20]I. 

Lemma 2.5. Let P(z) £ Z [z\ and suppose that P{z ) -A +oo as z —► +oo. Then P = {P(n) > 
0: n £ N} is a vdC set if and only if for every positive integer q the congruence P(z ) = 0 (mod q) 
has a root. 

Now we want to establish a similar result for sets of the form {ap + b: p prime}. In this case the 
following result is due to Bergelson and Lesigne [1] which is a generalization of the case f{x) = x 
due to Kamae and Mendes-France [El- 

Lemma 2.6 ( [1 Proposition 1.22]). Let f be a (non zero) polynomial with integer coefficients 
and zero constant term. Then the sets {f(p— 1): p £ P} and {f(p+ 1): p £ P} are vdC sets in Z. 

We show the converse direction. 
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Lemma 2.7. Let a and b be non-zero integers. Then the set {ap + b: p £ P} is a vdC set if and 
only if |a| = |6|, i.e. ap + b = a(p ± 1). 

Proof. It is clear from Lemma \2. 61 that {ap + b: p £ P} is a vdC set if |a| = |6|. 

On the contrary a combination of Lemma 12.31 and Lemma l2.dl vields that a | b. Now we consider 
the sequence modulo b. Then by Lemma 12.31 we get that 

ap + b = ap = 0 mod b infinitely often. 

Since ( p , b) > 1 only holds for finitely many primes p we must have b \ a. Combining these two 
requirements yields |a| = |6|. □ 


3. A SUFFICIENT CONDITION 

In this section we want to formulate a general sufficient condition which provides us with a tool 
to show for plenty of different examples that they generate a vdC set. This is a generalization of 
the conditions of Kamae and Mendes-France [15] and Bergelson and Lesigne [4] . Before stating 
the condition we need an auxiliary lemma. 

Lemma 3.1 ( [4J Corollary 1.15]). Let d and e be positive integers, and let L be a linear transfor¬ 
mation from Z d into 7L e (represented by an e x d matrix with integer entries). Then the following 
assertions hold: 

(1) If D is a vdC set in Z d and if 0 CjL L(D ), then L(D) is a vdC set in Z e . 

(2) Let D £ Z d . If the linear map L is one-to-one, and if L(D) is a vdC set in IT, then D is 
a vdC set in Z d . 

Our main tool is the following general result. Applications are given in the next section. 

Proposition 3.2. Let g ±,..., gu '■ N —► Z be arithmetic functions. Suppose that g ^,..., gi m is a 
basis of the Q-vector space span(gi ,... ,gk). For each q £ N, we introduce 

D q '■= {(fliifa), ■■■■,9i m { n ) : n £N and q\ \ gi } (n) for all j = 1,..., m} . 

Suppose further that, for every q, there exists a sequence (hn^)neN D q such that, for all x = 
(xi,..., x m ) G R m \ Q m , the sequence (tiff 1 ■ x)„ 6 n is uniformly distributed mod 1. Then 

D ■= {(9i(n), ■ ■ ■, 9 k{n )): n € N} G Z fc 

is a vdC set. 

Proof. We first show that the set 

D : = {( 9h {n), ■ ■ ■, 9 i m (n)): n £ N} 

is a vdC set in Z m . For q, N G N we define a family of trigonometric polynomials 

1 N 

P ^ N := N^2 e ' X ) • 

71 — 1 

By hypothesis, limjv_>. 00 P Qi n(x) = 0 for x £ Q m . For fixed q there exists a subsequence (P q ,N') 
which converges pointwise to a function g q . Since g q {x) = 1 (for x £ Q m and q sufficiently large) 
and g q (x) = 0 (for x ^ Q m ), the sequence (g q ) is pointwise convergent to the indicator function of 
Q m . For a positive measure a on the m-dimensional torus with vanishing Fourier transform a on 
D, we have f P qt N<ia = 0 for all q,N. Thus cr(Q m ) = 0 follows from the dominating convergence 
theorem, obviously cr({0,0,..., 0}) = 0, and thus D is a vdC set. 

In order to prove that D is a vdC set we apply Lemma 13.11 twice. Since g ^,..., gt m is a base 
of span(gi,..., <?fc), we can write each gj as a linear combination (with rational coefficients) of 
9hi ■ - ■ 1 9i m ■ Multiplying with the common denominator of the coefficients yields 


O'] 9 j — 1 9'i + ' ' ' + bj,m9‘im 
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for j = 1 ,... ,k and certain a,j,bj £ Z. Considering the transformation L: Z m -» Z fe given by 
the matrix fbj.t) and applying part (1) of Lemma 13.11 shows that 

{{aigi(n),... ,a k g k {n )): n £ N} 
is a vdC set for certain integers ai ,a k - 

Now consider the transformation L : Z fc —> Z fc given by the k x k diagonal matrix with entries 
ai ,..., a k in the diagonal. Then by part (2) of Lemma l3Jl also D is a vdC set and the proposition 
is proved. □ 


4. Various examples and applications to additive problems 

In this section we consider multidimensional variants of prime powers, entire functions and 
x a log^ x sequences. 


4.1. Prime powers. In a recent paper the authors together with Bergelson, Kolesnik and Son |3J 
consider sets of the form 

{(ai(p n ± l)® 1 ,.. .,a k (p n ± l) 6fc ): n £ N}, 

where ai, fii £ R and p n £ V runs over all prime numbers. These sets are vdC, however, we missed 
the treatment of a special case in the proof. In particular, if for some i ^ j the exponents satisfy 
6i = 9j =: 9, then the vector (p e n ,Pn) is not uniformly distributed mod 1. 

Here we close this gap. 

Theorem 4.1. If at are positive integers and /?* are positive and non-integers, then 

D\ = {((p- i) ai , • • •, (p - ir, [(p - ••■,[(?-1)^]) i P € v}, 

and 

D2 = {{(p + i) a V-- ,(p + i)“M(p + i) /31 ],--- ,[(p + i) A ]) | p&v} 

are vdC sets in Z fc+ ^. 

Proof. Since x 61 and x 62 are Q-linear dependent for all x £ Z if and only if 9\ =02, an application 
of Proposition 13.21 yields that it suffices to consider the case where all exponents are different. 
However, this follows by the same arguments as in the proof of Theorem 4.1 in [3]. □ 


4.2. Entire functions. In this section we consider entire functions of bounded logarithmic order. 
We fix a transcendental entire function / and denote by Sir) := max^^ \f(z)\. Then we call A 
the logarithmic order of / if 


lim sup 

r—¥ 00 


log S(r) 
log r 


= A. 


The central tool is the following result of Baker [T] . 


Theorem 4.2 ( pQ Theorem 2]). Let f be a transcendental entire function of logarithmic order 
1 < A < |. Then the sequence 

(/(Pn)) n > 1 

is uniformly distributed mod 1. 


Our second example of a class of vdC sets is the following. 


Theorem 4.3. Let / 1 ,..., f k be entire functions with distinct logarithmic orders 1 < Ai, A 2 ,..., X k < 
respectively. Then the set 

D:={(lfi(pn)\,...,lfk(Pn)\):ne®} 

is a vdC set. 



DYNAMICAL SYSTEMS AND UNIFORM DISTRIBUTION OF SEQUENCES 


7 


Proof. We enumerate D = (d n ) n >i, where 

dn := (L/l(Pn)J,---,L/fc(Pn)J)- 

First we show, that for every q £ N the set 

D (9) :={(d 1 ,...,d k )€D:q\d i } 

has positive relative density in D. We note that if 0 < j fdPn) | < I for 1 < i < k, then d„ £ D^ q \ 
By Theorem 14.21 the sequence 

' fliPn) fkiPnV 


n> 1 


,( 9 !) 


is increasing. 


is uniformly distributed and thus D lq ) has positive density in D. 

For each q £ N we enumerate the elements of D^ = (dn'^) n >i, such that 
Since the logarithmic orders are distinct we immediately get that the functions fa are Q-linearly 
independent. Thus by Proposition 13.21 it is sufficient to show that for all q £ N and all x = 
(xi,..., Xk) £ \ Q k the sequence (d^ • x) „>i is u.d. mod 1. 

Using the orthogonality relations for additive characters we get for any non-zero integer h, that 


\{n < N: d n £ D^} I 


e ( h ( d - !) ' x )) 


n<N 

1 


1 ?! q< ’ 1 
|{n < W: d„ 6 DWIJlWlr, 


hx 


J± 

q\ 


The innermost sum is of the form 


55 e (9(Pn)), 


t,<N 


with g(x) = E-=i a i L M x )\ for a certain (cm, ..., a k ) £ R k \ Q k . 

By relabeling the terms we may suppose that there exists an t such that cm, • • • , ^ Q and 

CM+i,..., £ Q. Furthermore we may write ay = -f- for £ + 1 < j < m. Then 


e(9(Pn)) = e ( 55 afc L/*(Pn)J I = ^(L/j(Pn)J), 


M=1 


7=1 


j=e+i 


where Sj(x,y) = e{x — {y}ctj) (1 < j < £) and tj(z) = e j {£+ 1 < j < k). 

Since Sj(x , y) is Riemann-integrable on T 2 for j = 1,... ,£ and tj(z) is continuous on T, q = 
Z/gZ, the function Y\]=i s j TIj=^+i * j is Riemann-integrable on T 2e e . 

Now an application of Theorem 14.21 yields that for any u £ N the sequence 

fi+liPn) fk{Pn) 


ai fliPn), fliPn), ■ ■ at fliPn), ff.{p n ), 


n> 1 


is u.d. in T 2t x T fc l . Since = a (mod q) is equivalent to | £ [|, ^±1], we deduce that 
(ai/l(Pn),/l(Pn), • • • ,aefe(p n ),fe(pn), \_fa+l(Pn)\, ■ ■ ■ , L/fe(Pn)J)„>l 
is u.d. in T 2 ^ x and Weyl’s criterion implies that 

/ J„ \ 

1 


jfc N 5>(5>*L/i(:Pn)J ] =0, 


n<N \i=1 


proving the theorem. 


□ 
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4.3. Functions of the form x a log^ x. In the one-dimensional case Boshernitzan et al. |6j 
showed, among other things, that these sets are vdC sets. Our aim is to show an extended 
result for the /c-dimensional case. Therefore we use the following general criterion, which is a 
combination of Fejer’s theorem and van der Corput’s difference theorem. 

Theorem 4.4 ( [IB; Theorem 3.5]). Let /( x) be a function defined for x > 1 that is k-times differ¬ 
entiable for x > Xo- If f( k \x) tends monotonically to 0 as x — > oo and if hin^^oo x |/( fc )(:r)| = oo, 
then the sequence (/(n))n>i is u.d. mod 1. 

Applying this theorem we get the following 

Corollary 4.5. Let a^O and 

• either a > 0 not an integer and r?l arbitrary 

• or a > 0 an integer and t € R \ [0,1]. 

Then the sequence (an 17 log T n ) n >2 is u.d. mod 1. 

Our third example is the following class of vdC sets. 

Theorem 4.6. Let a \,..., a*, > 0 and ... ,fik S M, such that ^ [0,1] whenever on £ Z for 
i = 1,..., k. Then the set 

D := {([ n ai log^ 1 nj,..., [n ak log^ n\): n € N} 

is a vdC set. 

Proof. Following the same arguments as is the proof of Theorem 14.31 and replacing the uniform 
distribution result for entire functions (Theorem 14.31) by the corresponding result for n a log^ n 
sequences ('Corollary 14.51) yields the proof. □ 
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